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Traditional topology relies on points and their neighborhoods.

Pointfree topology shifts the focus by making open sets the
fundamental notion.

This approach allows us to reason about topological properties
without reference to points, offering an algebraic perspective on
topology.

However, despite its generality pointfree topology often loses
some of the geometric intuition tied to points.

Goal of this talk: to show how Priestley duality can recover this
intuition by representing frames as ordered topological spaces.
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To understand where pointfree topology fits, let’s recall how it
emerged.

Geometry has always been central to mathematics, but it was
only in the late 19th and early 20th centuries, with the rise of
modern analysis, that precise notions of continuity and
convergence became essential.

Hausdorff introduced the concept of a neighborhood, shifting
attention from metric ideas to general spatial structure.

Subsequent work by Kuratowski, Alexandroff, Urysohn, and

Sierpinski established the abstract foundations of topology as we
know it today.
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Some more history

By the 1930s, mathematicians began to study spaces through
their lattices of open sets.

Stone, Wallman, and later McKinsey & Tarski showed that many
topological ideas could be captured algebraically.

This perspective was further developed in Ehresmann’s seminar,
where frames emerged as the algebraic counterparts of
topological spaces.

Building on this, researchers such as Dowker & Papert-Strauss,
Isbell, Banaschewski, and Johnstone established the modern
theory of pointfree topology.
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Spatiality theorems

Before we look at how Priestley duality helps, it’s useful to recall
that certain classes of frames can be represented by spaces; such
frames are called spatial.

It is often interesting to identify spatial classes of frames, as this
shows that the corresponding algebraic conditions still retain a
clear geometric meaning.

Theorem (Isbell, 1972)

Compact subfit frames are spatial.

Such results connect classical and pointfree topology by
identifying the frames that can be interpreted in familiar
topological terms.
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The challenge of non-spatial frames

However, classical topology and pointfree topology do not always
align: many frames are non-spatial, meaning they cannot be
represented by points.

This creates a gap between algebraic and geometric reasoning:
pointfree topology develops rich machinery, yet one may feel that
the geometric intuition has been lost.

How can we bridge this gap and recover a spatial understanding
of frames?
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Priestley duality as a bridge

In the 1970s, Priestley introduced her elegant duality for
distributive lattices.

Priestley duality links algebraic structures with ordered
topological spaces, combining the strengths of both viewpoints.

This duality specializes to frames, offering a powerful tool to
study both spatial and non-spatial frames through order and
topology.

It thus restores the geometric intuition that pointfree topology
had set aside.
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Priestley duality

A Priestley space is a compact topological space X equipped with
a partial order < satisfying

x %y = U e ClopUpX) (x€ U and y ¢ U),
where ClopUp(X) denotes the clopen upsets of X.

Let Pries be the category of Priestley spaces and continuous
order-preserving maps, and DLat the category of bounded
distributive lattices and bounded lattice homomorphisms.
Theorem (Priestley, 1970)

Pries and DLat are dually equivalent.
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The functors establishing Priestley duality are defined as follows.

» For every Priestley space X, the set ClopUp(X) of clopen
upsets forms a bounded distributive lattice.

» For every bounded distributive lattice D, its Priestley space
Xp is the set of prime filters of D, ordered by inclusion and
topologized by the basis

{o(@)no(b) |a,beD},

where o(a) = {x € Xp | a € x} is the Stone map.

The map o : D — ClopUp(Xp) is a bounded lattice isomorphism,
serving as the unit of the duality. For instance,
olanb)=oc(a)na(b) and o(a Vv b)=a(a)ua(d).
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with compactness, yields several useful consequences.

Every Priestley space is a Stone space (compact, Hausdorff, and
zero-dimensional).

Proof.

Let x € U with U open. For each y € U¢, either x £y or y £ x. By
Priestley separation, there exists a clopen upset V, with x € V,, and
y ¢V, or a clopen downset D, with x € D, and y ¢ D,. Then

N V,n(D,cU.
xﬁy yfx

By compactness, finitely many such sets suffice, so there exist clopen V'
and D withx€ VNnD c U. Hence X is zero-dimensional. (In fact, it has a
basis of convex clopens.) O
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Proof sketch.
(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The c-inclusion is clear. Let x ¢ F.

12/25



Closed sets in Priestley spaces

In particular, there are several useful facts involving closed sets
and the order which are very useful.

(1) Every closed upset (downset) is an intersection of clopen
upsets (downsets).

(2) The upset (downset) of a closed set is closed.

(3) For every x € F with F closed, there exists y € minF such that
y<x.

Proof sketch.

(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The <-inclusion is clear. Let x ¢ F'. For each y € F', we have y f x (since F
is an upset).

12/25



Closed sets in Priestley spaces

In particular, there are several useful facts involving closed sets
and the order which are very useful.

(1) Every closed upset (downset) is an intersection of clopen
upsets (downsets).

(2) The upset (downset) of a closed set is closed.
(3) For every x € F with F closed, there exists y € minF such that
y<x.

Proof sketch.

(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The <-inclusion is clear. Let x ¢ F'. For each y € F', we have y f x (since F
is an upset). Hence there exists U, € ClopUp(X) such that y € U, but

x ¢ Uy.

12/25



Closed sets in Priestley spaces

In particular, there are several useful facts involving closed sets
and the order which are very useful.

(1) Every closed upset (downset) is an intersection of clopen
upsets (downsets).

(2) The upset (downset) of a closed set is closed.
(3) For every x € F with F closed, there exists y € minF such that
y<x.

Proof sketch.

(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The <-inclusion is clear. Let x ¢ F'. For each y € F', we have y f x (since F
is an upset). Hence there exists U, € ClopUp(X) such that y € U, but
x¢U,. Then FcUU,,

12/25



Closed sets in Priestley spaces
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and the order which are very useful.

(1) Every closed upset (downset) is an intersection of clopen
upsets (downsets).

(2) The upset (downset) of a closed set is closed.

(3) For every x € F with F closed, there exists y € minF such that
y<x.

Proof sketch.

(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The <-inclusion is clear. Let x ¢ F'. For each y € F', we have y ﬁ x (since F
is an upset). Hence there exists U, € ClopUp(X) such that y € U, but

x ¢ Uy. Then F cUU,, so by compactness there exists U € ClopUp(X)
with FcU andx¢ U.
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Closed sets in Priestley spaces

In particular, there are several useful facts involving closed sets
and the order which are very useful.

(1) Every closed upset (downset) is an intersection of clopen
upsets (downsets).

(2) The upset (downset) of a closed set is closed.

(3) For every x € F with F closed, there exists y € minF such that
y<x.

Proof sketch.

(1) Let F be a closed upset. We show that F = N{U € ClopUp(X) | F < U}.
The <-inclusion is clear. Let x ¢ F'. For each y € F', we have y ﬁ x (since F
is an upset). Hence there exists U, € ClopUp(X) such that y € U, but

x ¢ Uy. Then F cUU,, so by compactness there exists U € ClopUp(X)
with FcU andx¢ U.

For (2), one shows that {F =N{U € ClopUp(X) | F < U}, and (3) uses

Zorn’s Lemma. 0
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Now that we have built some intuition about Priestley spaces,
let’s return to our main goal: using Priestley duality to recover
spatial intuition for frames.

A frame (or locale) is a complete lattice L satisfying

an\/S=\lans|seS} (4)

forallaeL and ScL.

Example. For every topological space X, the lattice of open sets
Q(X) forms a frame.

The key observation is that frames are (special) bounded
distributive lattices, so we can apply Priestley duality to them.

In particular, we need to describe the Priestley spaces of

complete lattices where each join satisfies (§).
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Let D be a bounded distributive lattice and S € D. Then

(1) VS exists iff { clUolS]is a clopen upset.

(2) VS exists and satisfies (§) for all a € L iff cllUo[S] is a clopen
upset.

Proof sketch.

(1) The direction (<) follows since {clUo[S] is then the least upper
bound of ¢[S] in ClopUp(X). Conversely, if \/ S exists, one checks that
a(VS) = 1clUolS].

(2) By (1), exactness of \/S amounts to clUoc[S] being an upset. If it is,
the distributivity law () holds in ClopUp(X); if not, one finds

x € fclUaolS]\ clUol[S], and compactness gives clopen U,V witnessing
the failure of (§). O
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Wigner—Pultr-Sichler duality

Theorem (Wigner, 1979)

Let D be a bounded distributive lattice and X its Priestley space.
Then D is a frame iff clU is an open upset for every open upset U.

Let LPries be the category of Priestley spaces satisfying this
condition, and Frm the category of frames.

Corollary (Pultr—Sichler, 1988)

Priestley duality restricts to Frm and yields a dual equivalence
between Frm and LPries.

We will now describe three key notions of pointfree topology in
terms of Priestley spaces: spatiality, subfitness, and compactness.
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Spatiality is one of the central notions in pointfree topology.

A filter x of a frame L is completely prime if \/S € x implies s € x
for some s € S. A frame L is spatial if it is isomorphic to the lattice
of open sets of a topological space. Equivalently, a # b implies
there exists a completely prime filter containing a but not b.

We now define a class of points in the Priestley space of a frame
that will allow us to characterize spatiality.

Let X be the Priestley space of a frame.

1. A point x € X is called localic if |x is open.
2. Let locX denote the set of all localic points of X.
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U =UolSI. Since L is a frame, joins are exact, so clU = o(\/ S). Because
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Localic points and completely prime filters

Let L be a frame and X its Priestley space. A point x € X is localic
iff x is a completely prime filter of L.

Proof sketch.

(=) Suppose x is a completely prime filter. By Priestley properties, |x is
closed, so let U = (|x)°, an open upset. Set S ={a € L|o(a) < U}. Then

U =UolSI. Since L is a frame, joins are exact, so clU = o(\/ S). Because
x ¢ o(s) for any s € S and x is completely prime, x ¢ (\/S) =clU. Thus
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U =UolSI. Since L is a frame, joins are exact, so clU = o(\/ S). Because
x ¢ o(s) for any s € S and x is completely prime, x ¢ (\/S) =clU. Thus
clUn|x=3, hence clU =U, and |x is open.

(<) If |x is open and /S € x, then x € clUo[S]. Hence |x meets some
o(a) with a € S, so a € x. Thus x is completely prime. O

This identification will allow us to express spatiality directly in
terms of the Priestley space.
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Proof.

(=) Let L be spatial and U <X a nonempty open set. Since X has a
basis of convex clopens, there exist a,b € L such that o(a)na(b) < U.
Since U is nonempty, a %_ b. Because L is spatial, there exists y € locX
witha ey and b ¢y, soy e U. Hence, locX is dense in X.

(<) Suppose locX is dense. If a ﬁ b, then g(a)no(b)’ # &. Thus there
exists y €locX no(a)Nna(b)’, soa €y but b ¢y. Therefore L is spatial. [
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Separation axioms

Higher separation axioms, such as regularity and normality, can
be expressed directly in terms of the frame of opens, and hence
extend naturally to the pointfree setting.

19/25



Separation axioms

Higher separation axioms, such as regularity and normality, can
be expressed directly in terms of the frame of opens, and hence
extend naturally to the pointfree setting.

Lower ones, like T'1, are harder to capture, since the frame
language cannot express that points are closed.

19/25



Separation axioms

Higher separation axioms, such as regularity and normality, can
be expressed directly in terms of the frame of opens, and hence
extend naturally to the pointfree setting.

Lower ones, like T'1, are harder to capture, since the frame

language cannot express that points are closed. We focus on one
important frame analog of T'1: Isbell’s subfitness.

19/25



Separation axioms

Higher separation axioms, such as regularity and normality, can
be expressed directly in terms of the frame of opens, and hence
extend naturally to the pointfree setting.

Lower ones, like T'1, are harder to capture, since the frame
language cannot express that points are closed. We focus on one
important frame analog of T'1: Isbell’s subfitness.

A frame L is subfit if

aftb= 3ceL(avec=1andbvc#1).

19/25



Separation axioms

Higher separation axioms, such as regularity and normality, can
be expressed directly in terms of the frame of opens, and hence
extend naturally to the pointfree setting.

Lower ones, like T'1, are harder to capture, since the frame
language cannot express that points are closed. We focus on one
important frame analog of T'1: Isbell’s subfitness.

A frame L is subfit if

aftb= 3ceL(avec=1andbvc#1).

Example. If X is a T'1-space, then Q(X) is subfit.
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o(c) € a(b). Choose x € mino(c)® with x ¢ g(b). Since o(c)° is a downset,
x € min(o(c)®) € minX. Thus minX no(a)No(b) # J, so minX is dense
in X.

(<) Suppose minX is dense. If a j{ b, then g(a)no(b) # . Pick
yeminX no(a)nod). Then |y ={y} S o(a). Hence
(D € ClopDn(X) | y € D} S o(a).

By compactness, there exists a clopen downset D = o(c)° < g(a) such
that y € g(c)°. Then g(a)uo(c) =X and g(b)uo(c) #X, as required. [
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Compactness plays a central role in both classical and pointfree
topology, as many structural results depend on it.

It ensures good interaction with separation properties and
provides conditions under which dualities and representation
theorems hold.

In the classical setting, compactness can be expressed purely in
terms of the frame of opens, making it one of the easiest
topological notions to generalize.

A frame L is compact if \V U = 1 implies there exists a finite
subset V< U such that \VV =1.
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Compactness and Priestley spaces

If L is a frame and X its Priestley space, then L is compact iff
minX <locX.

Proof.

(=) Suppose L is compact and let x e minX. We need to show |x = {x} is
open.
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(<) Suppose minX SlocX and o(\/ U) =X for some U € L. Then
clUol[U]=X. Let x e minX clocX. Since |x = {x} is open,

{x}nUolUl# 9, so minX < Jo[U]. Thus X = |minX < Jo[U], and by
compactness there exists a finite subset V € U such that X =Uo[V]. O
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Isbell’s Spatiality Theorem

Let L be a frame and X its Priestley space.
1. L is spatial iff locX is dense in X.
2. L is subfit iff minX is dense in X.
3. L is compact iff minX SlocX.
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Isbell’s Spatiality Theorem

Let L be a frame and X its Priestley space.
1. L is spatial iff locX is dense in X.
2. L is subfit iff minX is dense in X.
3. L is compact iff minX SlocX.

Theorem (Isbell, 1972)

Compact subfit frames are spatial.

Proof.

Suppose L is compact and subfit. Since L is subfit, minX is dense, and

since L is compact, minX ClocX. Hence locX is dense, and therefore L
is spatial. O
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Conclusion

In this talk we have seen how Priestley duality specializes to
frames.

24/25



Conclusion

In this talk we have seen how Priestley duality specializes to
frames.

We described how key frame-theoretic notions (spatiality,
subfitness, and compactness) can be expressed in terms of
natural order-topological properties of Priestley spaces.

24/25



Conclusion

In this talk we have seen how Priestley duality specializes to
frames.

We described how key frame-theoretic notions (spatiality,
subfitness, and compactness) can be expressed in terms of
natural order-topological properties of Priestley spaces.

Together these results show that Priestley duality for frames
offers a geometrically meaningful framework for studying
pointfree topology.
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Thank you!



