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Introduction
[ ]

Context

m Basic Thread Algebra (BTA)
0 Syntax to define the behaviour of sequential programs
B Program Algebra (PGA)
g Simple program notation (language)
o Uses BTA to define its behaviour
B Semigroup C
0 Alternative to PGA
o0 No directional bias
® Thread-Oriented Program algebra (TOP)

0 Variation of C
0 Strong correlation with BTA
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BTA
(1]

Basic Thread Algebra

® Used to describe the behaviour of sequential programs
® Arbitrary set of actions A = {a, b, c, ...}
® All actions yield true or false on execution

m BTA expressions are called threads {P,Q, R, ...}

80 The deadlock constant D
o The termination constant S
0 The postconditional composition operator P < al> Q
e The action prefix operator a o P is shorthand for P < a> P
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Introduction BTA TOP Length Expressiveness Multidimensional Discussion
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TOP
®00

TOP syntax

Instruction sequence

Instructions

B Basic instructions /aand \afor a € A

B Jump instructions /#k and \#k for k € N
m Testinstructions +aand —aforae A

B The termination instruction !

B The abortinstruction #
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TOP semantics

For an instruction sequence X = ujy;.

TOP
oceo

.. Up, the thread extraction

operator | X|; returns the regular thread that is modelled by u; in

X

Definition

|X|;i =

ao | Xl
| X] itk

IX|i—1 <art | X|j

o
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similar equations for \a, \#k, —a

if uj = /a,
if uj = /#ka
if uy =+a,
if up = #,

if u=1"
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Introduction BTA TOP Length Expressiveness Multidimensional Discussion
o oo ooe 0000 000 00000 [ele]

X = /#2;!;+a, —b; #
X1 = 1X]3 !
X|2 =S (a
Xls = Xl 2 a2 |Xs /
(X|a=|X]s<b>|X]3
[X|s =D
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Length
0000

On the length of TOP instruction sequences

(Q1) Instruction sequence to thread

How many linear equations are required to define the behaviour
expressed by an instruction sequence of length n?

(Q2) Thread to instruction sequence

How many instructions are required to express the behaviour
defined by a linear specification of n equations?
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Length
0®00

Q1: Instruction sequence to thread

Theorem

The behaviour expressed by a TOP instruction sequence of
length n can be defined by a linear specification of n + 1
equations.

1. There are three base cases:

0 Basic or test instruction results in 2 equations
o Jump, abort, or termination instruction results in 1 equation

2. To add an instruction to the sequence X we need at most 1
extra equation.

O
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Introduction BTA TOP Length Expressiveness Multidimensional Discussion
o oo ooo 0000 000 00000 00

Instruction sequence Linear specification

+a Pr=achp
Po =
Py =Ppta> P,
+a; /b Po=boPp
Pp =
Pi=Pp<abpP;
P =bo P
+a; /b;! Py —
P =
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Length
[e]e]e] )

Q2: Thread to instruction sequence

The minimum length of TOP instruction sequences required to
model all regular threads of n states is 3n — [ 3.

1. Showing that 3n is an upper bound is trivial
2. For a constant (S or D) 2 instructions can be saved.

3. When a state is directly reachable from two other states (or
twice from the same state) an instruction can be saved.

O There are at least | 5| such cases if no state is constant.
O

& ERSITY OF AMST!
UNIVERSITY OF AMSTERDAM | S.D. Melzer | 11/ 21



Expressiveness
000

On the expressiveness of TOP

(Q3) Size of jumps counters

Are arbitrarily large jump counters required in both directions to
model all regular threads?
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Expressiveness
o] le}

Q3: Size of jump counters

Theorem

Let TOP=K be the subset of TOP that includes all instructions
except forward jump instructions with a jump counter greater
than k € N*.

TOP=* instruction sequences cannot model all reqular threads
for any k.

Proof.

Assuming the opposite results in a contradiction.
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Introduction BTA TOP Length Expressiveness Multidimensional Discussion
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Multidimensional
@0000

TOP in 2 dimensions

Instruction plane

Uyg -+ Un
A matrix of instructions: X =

Uns - Umn

Instructions

B Basicinstructions /a, \a, Ta, laforac A

B Jump instructions /#k, \#k, T#Kk, |#k for k € N
® Testinstructions +a, —a, [+a, [—aforac A

B The termination instruction !

B The abort instruction #
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Multidimensional
(o] lelele]

Properties of TOP,

(Q4) Expressiveness TOP versus TOP,

Does the second dimension of TOP, add expressiveness in
comparison to TOP?

(Q5) Size of jumps counters in 2D

Are arbitrarily large jump counters required in TOP, to model all
regular threads?
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Multidimensional
00e00

Q4: Expressiveness TOP versus TOP,

TOP instruction sequences and TOP, instruction planes are
equally expressive.

1. An instruction sequence can be transformed into an
instruction plane.

2. An instruction plane can be transformed into an instruction
sequence.

O
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Multidimensional
[e]e]e] o]

Q5: Size of jumps counters in 2D

Let TOP2§2 be the subset of TOP, that does not contain jump
instructions with a jump counter greater than 2.

TOP2S2 instruction sequences can model all reqular threads.

1. If Pis a regular thread you can draw a 2-dimensional
representation of P.

2. The image can be discretised into an instruction plane which
models P.

O
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Introduction BTA TOP
o oo 000

Length
0000

Expressiveness
000

Multidimensional
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Discussion
oo
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Discussion
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Discussion

® TOP to BTA: ninstructions — n+ 1 states

m BTA to TOP: nstates — 3n — [J] instructions

B TOP and TOP, are equally expressive

® Arbitrarily large jumps necessary in TOP but not in TOP»
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Discussion
oe

Questions?

[#1  Je [#1 s
g J#1 |#
/#1 tu e Ut
b \#1
o \#1
1#3  |#1
t#1\n
/s I#1
I\#1
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Why is TOP thread-oriented?

Language Instruction sequence Thread

PGA +a; ur; Up ju| dat|u|
c /+a;ur; Uy lut| Qat> |up|
TOP u; +a; Up lut] < ar [u



Why is 3n an upper bound?
Transforming {Pi=ty,..., Pp=t,} into X = Xi;---; X, results in
at most three instructions per X;.
! if P =S,
Xi=<# if P =D,
J(P)i+a J(Px) itP =P da Py,

where J(F;) is a jump instruction to X;.

Pi=P,<dar Ps X1 =J(P2);+a, J(Ps)
P, =D Xo = #
P3=boP, - Xo = T (Ps)i+b; T (Ps)

Ps=8 X, -
X = [#3;+a [#3:#; [#3;+b; [#1;!



Why are there at least ]| cases?

If we consider only non-constant states:
1. Each state has two outbound arcs. (P < a™> Q)
2. If there are n states, there are 2n arcs in total.
3. Each state that has a pair of inbound arcs is such a case.

4. Minimising this number of pairs results in [ 7].

Example

If n = 6 there at least 3 such pairs.

State P1 P2 P3 P4 P5 P5
Qutboundarcs 2 2 2 2 2 2
Inbound arcs 1 3 1 3 1 3
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